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Abstract. For a certain parametrized family of maps on the circle, with critical points and 
logarithmic singularities where derivatives blow up to infinity, a positive measure set of param- 
eters was constructed in [19) . corresponding to maps which exhibit nommiformly hyperbolic 
behavior. For these parameters, we prove the existence of absolutely continuous invariant 
measures with good statistical properties, such as exponential decay of correlations. Com- 
bining our construction with the logarithmic nature of the singularities, we obtain a positive 
variance in Central Limit Theorem, for any nonconstant Holder continuous observable. 



where a G [0, 1], L e R are real parameters and is such that $(x + 1) = We 

assume that is a Morse function, the graph of y = $(a;) intersects x-axis, and all the 

intersections are transverse. The functions f a ,L induce a two parameter family of endomor- 
phisms on S 1 = R/Z, having non-degenerate critical points and singularities where the value 
of fa 7 L is undefined. For sufficiently large a positive measure set A(L) of the parameter 
a was constructed in [19], such that if a 6 A(L), then / a £ admits an invariant measure that 
is absolutely continuous with respect to Lebesgue measure (acim). In this paper we study 
statistical properties of this measure. 

This class of systems is motivated by the recent studies [23], (2^1 [25] on homoclinic tangles and 
strange attractors in periodically forced differential equations (S 1 reflects the time-periodicity 
of the force). In brief terms, the maps f a L as we treat here can be obtained by considering 
first-return maps of the flow (in the extended phase space introducing the time as a new 
variable) to appropriate cross-sections, and then passing to a singular limit. This last step 
results in a considerable simplification of the dynamics. Nevertheless, the map f aj L retains 
a large share of the complexity of the corresponding flow, and thus, provide an important 
insight to its behavior. 

Apart from this original motivation, the family of circle maps is of interest in its own light, 
for the feature of the logarithmic singularities that turns out to influence on some statistical 
properties of the acips, as we explain in the sequel. 

1.1. Statements of the results. For smooth maps on the interval or the circle, it is now 
classical that an exponential growth of derivatives along the orbits of critical points implies 
the existence of acims with good statistical properties [TJ HJ EH EZ] • Our first result is a 
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1. Introduction 



Let f aiL : 



R ->■ R be such that 



(1) 
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version of this for f a ^ with critical and singular points. Dynamical properties shared by maps 
corresponding to parameters in A(L) are listed in Section [531 

Theorem A. For any f G {f a ,L : a £ A(L)} there exists an ergodic f -invariant probability 
measure \x that is equivalent to Lebesgue measure. In addition, 

(1) for any rj G (0, 1] there exists r G (0, 1) such that for any Holder continuous function ip 
on S 1 with Holder exponent r\ and ip G L°°(fi), there exists a constant K(cp,ip) such that 



(ip o f n )tl)djji — \ (pdfi / ipd^ 



< K(ip,if))T n for every n > 0; 



(2) (f,fi) satisfies Central Limit Theorem (see the definition below). 

This is not the first result on statistical properties of one- dimensional maps with critical and 
singular points. A certain class of maps were studied in [6j, including the Lorenz-like maps 
corresponding to positive measure sets of parameters constructed in [T51 [T3] . Maps with sin- 
gularities and infinitely many critical points were studied in [17]. To our knowledge, however, 
there is no previous study on statistical properties of maps with logarithmic singularities. For 
instance, one key aspect of our maps that has no analogue in those of the previous studies 
is that, returns to a neighborhood of singularities can happen very frequently. The previous 
arguments seem not sufficient to deal with points like this. 

In the study of dynamical systems with singularities, influences of singularities on dynam- 
ics are not well understood. Indeed, singularities with blowing up derivatives help to create 
expansion, and to enforce a chaotic behavior. However, little is known on influences of sin- 
gularities on statistical properties of the systems. In this direction, one result we are aware 
is [12] which takes advantage of the singularity of the expanding Lorenz map to show that 
the Lorenz attractor is mixing. In the proof of Theorem A, we design our construction in 
such a way that allows us to draw a new conclusion on Central Limit Theorem, viewed as an 
influence of the logarithmic singularities. 

Let g : X — > X be a dynamical system preserving a probability measure v. We say (g, v) 
satisfies Central Limit Theorem if for any Holder continuous function on X with J cf)dv = 0, 



n— 1 

— V 

. fin Z-^ 



n-1 

4> o g l — y A/"(0, a) in distribution, 



n 

i=0 



where A/"(0, a) is the normal distribution with mean and variance a 2 , and 

i r f"' 1 \ 2 

a 2 = lim - / > <f> o g*\ dv. 

J \i=0 J 

If a > 0, this means that for every interval Jcl, 

1 n_1 1 1 f 2 

It is known (see e.g. [TU [27]) that o > if and only if <fi is not coboundary, that is, the 
cohomological equation 

(j) = ip o g — ij) 
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has no solution in L 2 [y). Otherwise, is called coboundary. For dynamical systems satisfying 
Central Limit Theorem, determining the largest possible classes of functions which are not 
coboundary is an intricate problem, even for Axiom A systems [18J. For countable Markov 
maps on intervals, Morita [TB] obtained Central Limit Theorem for a broad class of functions 
including those with bounded variation, and proved that there exists no non-trivial function 
which is coboundary Our construction in Theorem A and the nature of the singularities allow 
us to show that, for our maps, there exists no non-trivial Holder continuous function which is 
coboundary. 

Theorem B. Let (/,//) be as above. If a Holder continuous 0: S 1 — > K with J (pdji = is 
coboundary, then = 0. 

Our strategy in Theorem A is to construct an induced Markov map and apply the scheme 
of Young [27J . A key feature of this construction is that the domain of the induced Markov 
map is a full measure subset of S 1 . In other words, S 1 is cut into pieces, and each piece grows 
to the entire S 1 in a controlled way. As a consequence, \i is equivalent to Lebesgue. 

A proof of Theorem B is outlined as follows. Suppose that is coboundary, with an L 2 
solution ip. Using the induced Markov map, it is possible to show that ip has a version ip 
(i.e. ip = ip /i-a.e.) which is (Holder) continuous on the entire S 1 . On the other hand, the 
distinctive property of the logarithmic singularities is that, a small neighborhood of a singular 
point is divided into a countable number of intervals, and each of them is sent to the entire S 1 
just by one iterate. This property allows us to rule out the existence of nonconstant continuous 
solution of the cohomological equation. Hence, ip has to be a constant function, and = 
follows. 

The rest of this paper consists of four sections. In Section 2 we collect necessary materials in 
[19] as far as we need them. In Section 3 we perform a large deviation argument, a key step for 
the construction of the induced Markov map. In Section 4 we put these results together and 
construct an induced Markov map with exponential tails, and prove the theorems. In Section 
5 we prove an entropy formula, connecting the metric entropy to the Lyapunov exponent. 

2. Properties of nonuniformly expanding maps 

This section collects materials in [19] as far as we need them. Dynamical properties shared 
by maps corresponding to the parameters in A(L) are stated in Section |2]U 

2.1. Elementary facts. From this point on we use L for both L and \L\. We take L as a 
base of the logarithmal function log(-). For / = f a>L , let C(f) = {f'(x) = 0} denote the set of 
critical points and S(f) = {$(x) = 0} the set of singular points. The distances from x G S 1 
to C(f) and S(f) are denoted by dc(x) and ds(x) respectively. For e > 0, we use C e and S s 
to denote the ^-neighborhoods of C and S respectively. 

Lemma 2.1. [[19J Lemma 1.1.] There exists K > 1 and 6q > 0, such that for all L sufficiently 
large and f = f a;L , 

(a) for all x G S 1 , 

ds{x) ds{x) dg(x) 

(b) for all e > and x G" C £ , \f'x\ > Kq 1 Le; and 

(c) for all x G C eo , K^L < \ f"x\ < K L. 



4 



HIROKI TAKAHASI * 



Sketch of the proof. Use the assumptions on $(x): ^ on {<3?(x) = 0}; ^ on 

= 0}. □ 



2.2. Bounded distortion. For x G 5 1 , n > 1, let 

-i 



(2) 



DJx) 



1 



,0<«<n 



where ci(:r) 



I (/*)'*! 



when they make sense. 

Lemma 2.2. TTie following holds for all sufficiently large L: ifn>l and x, fx, ■ • • , f n ~ 1 x ^ 
C U S, then for all £, 77 G [x — D n (x), x + D n (x)], 



\{rm 

\(f n )'v\ 



< 2 and 



limi 



l(/ B )'»7l 



- 1 



< 



i \n-f n v\ 

LV3 D ft (x)|(/")'xr 



Remark 2.1. In Section 3 we will use these estimates on a bigger interval (comparable in 
length), but this does not seriously affect the estimates. 

Proof. The first estimate was in [[19] Lemma 1.1]. We prove the second one. Let / denote the 
subinterval of [x — D n (x),x + D n (x)] with endpoints £,77. Let i G [0, n). By Lemma [231 for 
any <p G fl, 

I A 



< 



K 2 



< 



2K 2 



|f 01 " d c (<P)d s (<P) ~ dcifx^sipxY 
where the last inequality follows from 

\fl\ < 2D n (x)\(f)'x\ < -^jddfx) ■ d s (fx) « max{d c (/ i x),d s (/ i x)}. 

We also have 

\fl\ < 2\(f )'x\\t - vld^d'^x) = 2|£ - V \dc(fx) ■ ds{fx)d-\x). 
Multiplying these two inequalities, 

<pepi \J <P\ 

Summing this over all < i < n we obtain 



^ "" iMl ofen ^/l/'^l 



VLD n (x) 
The desired inequality holds. 



< 4AT 2 |£-7y| < SATgire-TT/l < 1 - /"tj| 



□ 
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2.3. Uniform expansion outside of critical regions. Let A = 10 3 , a = 10~ 6 and 5 = 
L~ aN °, where N is a large integer. Let a = L~s. For c G C(f), let v = /(c) and {vi = 



Lemma 2.3. [ |19j Lemma 1.3.] There exists a large integer Nq such that the following holds 
for all sufficiently large L: assume for each c G C(f) and every < n < N , dc{v n ) > a and 
ds(v n ) > a, then: 

(a) ifn > 1 and x, fx,-- - , f n ~ l x <£ C s , then \ (f n )'x\ > 5L 2Xn ; 

(b) if moreover f n x G C$, then \{f n )'x\ > L 2Xn . 

Sketch of the proof. Let 5o = ^> 5. By Lemma I2.1[ derivatives grow exponentially, 

as long as orbits stay outside of C$ - Once they fall in Cs \ Cs, they copy the growth of 
the derivatives of the nearest critical orbit for a certain period of time. The choice of S and 
the assumption on C(f) together ensure that this period is enough to recover an exponential 
growth. □ 

2.4. Dynamical assumptions. For the rest of this paper, we assume that iVo, L are large 
so that the conclusions of the previous three lemmas hold. In addition, for each c G C(f) we 
assume: 

(a) for < n < N , d c (v n ) > a, d s {v n ) > a; 

(b) for every n > N , 

(Gl) \{f j ~ l )'vi\ > L min{a, L~ ai } for every < i < j < n + 1; 
(G2) \lf y v \ > lM f o r every < i < n + 1; 
(G3) d s (vi) > L~ iQi for every N < i < n. 

Building on these standing assumptions, we construct an induced Markov map and deduce 
the properties in the theorems. It was proved in (19] that there exist a large integer A^ and 
L > such that for all L > L , there exists a set A(L) C [0, 1) of the parameter a with 
positive Lebesgue measure, such that (a) (b) hold for all / G {f a ,L- a £ In addition, 

lim^oo |A(L)| -)■ 1 holds. 

2.5. Recovering expansion. Let us introduce bound periods and recovery estimates from 
small derivatives near the critical set. Let c G C and vq = /(c). For p > 2, let 



Let I-p{c) be the mirror image of I p (c) with respect to c. 

If x G I p (c) U I- P (c), then \fx — v \ < D p _i{vq) holds. According to Lemma 12.21 the 
derivatives along the orbit of fx shadow that of the orbit of v o for p — 1 iterates. We regard 
the orbit of x as bound to the orbit of c up to time p, and call p the bound period of x to c. 

Lemma 2.4. [[19] Lemma 1.6.] For every p > 2 and x G I p (c) U I^ p (c), 

2 

(a) p < log |c — x\~ a ; 



Sketch of the proof, (a) follows from the definition of D p {vq) and the assumption (G2) on -y . 
The bounded distortion of f p ~ x on /(J p (c) U/_ p (c)) and (Gl), (G3) are used to prove (b). □ 



fv , % G Z+}. 
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2.6. Decomposition into bound/free segments. We introduce a useful language along 
the way. Let x £ S 1 \ (C U S). Let 

< ni < ni + pi < n 2 < n 2 + p 2 < ■ • • 

be denned as follows: n\ is the smallest j > such that px £ C<5, and called the first return 
time of x (even if it is 0). Given n k with f Uh x £ C^, is the bound period and n k+1 is the 
smallest j > n k +p k such that px £ C$. This decompose the orbit of x into bound segments 
corresponding to time intervals (n&, n k +p k ) and free segments corresponding to time intervals 
[nk + pk,nk+i\. The times n k are called /ree return times. 

2.7. A few estimates. We quote from [19] some technical estimates which will be used in 
Section 3. Let x £ S 1 \ (C U S) make a free return at v > 0. Let < ni < n 2 < ■ ■ • < n t < v 
denote all the free returns before v. Let Pi,p%, ■ ■ ■ ,Pt denote the corresponding bound periods. 
For each k £ let 

®k(x) = ^2 ^ rl ( x ) an< ^ 9 (x) = y^^^x) - y^o fc (x). 

The quantity 6^ is the contribution of the bound segment from to n k + p k — 1 to the 
total distortion and 0o is the contribution of all free segments to the total distortion. It is 
understood that if v is the first return time to C$, then the second summand in the definition 
of e (x) is 0. 

The following two estimates were obtained in the proof of [[19] Lemma 1.8.], when x is a 
critical value. It is not hard to see that, the same estimates hold for a general x: 

(3) Kp^yxr'e^x) < \d c (r*x)\- 1J £; 

(4) \(n'xr&o(x) < i. 

Definition 2.1. Let x £ S 1 \ (C U £). We say z/ is a deep return time of x if it is the first 
return time of x to Cs, or else, for every free return < v, 1 < k < t, 

(5) 2\ogdc(f u x)+ J2 2\ogdc(f^x)<logd c (f nh x). 

nj&(n k ,nt] 

We say v is a shallow return time of x if it is not a deep return time. 
Lemma 2.5. Let u > be a deep return time of x £ S 1 \ (C U S). Then 

\(n'x\-D v ( X )>^rx). 

Lemma T2.2I gives a bounded distortion of f v on the interval [x — D u (x),x + D v (x)\. Hence, 
Lemma [2.51 gives a lower estimate of the length of the interval f([x — D u (x),x + D u (x)}) in 
terms of the distance of f(x) to the critical set. It follows that this interval contains a critical 
point to which f v {x) is bound. 

The following estimate, obtained in the proof of [[19] Proposition 2.1], bounds a contribution 
from shallow returns by that of deep returns. 
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Lemma 2.6. Let < n\ < n 2 < ■ ■ ■ < n t denote all the free return times of x G S 1 \ (C U S) 
up to time n t . Then 

\ogd c {nx)> J2 logddr^x). 

n\<nj<nt : shallow return ni<nj<nt : deep return 

3. Inducing to a large scale 

Let 

(6) M := 

where the square bracket denotes the integer part. Let | • | denote the one- dimensional 
Lebesgue measure. In this section we prove 

Proposition 3.1. For an arbitrary interval I with < \I\ < 8, there exists a countable 
partition V of I into intervals and a stopping time function S: V — > {n EN: n > Mo} such 
that: 

(a) for each ooeV, \f s(Lu) uj\ > V6 and \(f s( - u) )'\u\ > l/<Js > 1; 

(b) the distortion of f s ^\uj is uniformly bounded. More precisely, for all x,y G to, 

\(f s ^)'x 

\U' s(uj) )'y 

( C )\{S > n}\ < 5^L~^ holds for every n > 0. Here, {S > n} is the union of all u G V such 
that S(u) > n. 

In Section [37T1 we define and describe the combinatorics of the partition V and the stopping 
time S. (a) (b) follow from these definitions. In Section [3721 we prove (c), assuming some key 
estimates on the measure of a set with a given combinatorics. In Section 13.31 we prove this 
key estimate. 

3.1. Combinatorial structure. For each n > 0, considering n-iterates we construct a mod 
partition V n of /. This construction is designed so that: each element of V is an element of 
some V n \ oj EV PI V n , if and only if S(u) = n. 

Let Vo = {I}, the trivial partition of /. Let n > 1 and tu G V n -\. Then V n \u is defined as 
follows: 

Case I: f n ~ l uj does not meet CUS . We cut u from the left to the right, so that each subinterval 
has the form [x, x + D n (x)]. If the rightmost interval does not have this form, then we take it 
together with the adjacent interval. 

Case II: f n ~ l u> meets C U S. Consider a subinterval of u whose / n_1 -image does not meet 
C U S in its interior. Let u' denote any maximal interval with this property. We cut the right 
half of u' from the left to the right, as in Case I. We cut the left half of u' from the right to 
the left, analogously to Case I. 

Let us record some basic properties of the partitions. 

(PI) Non-triviality. For every n > Mo, V n ^ {1} holds. Indeed, if / fl Cg ^ 0, then 
Di(x) < d s (x)/\jL 5/10 holds for x G / fl C7«5, while \I\ > 5/10 by the assumption. Hence 
/ is subdivided in the construction of Vi, that is J ^ V\. If / fl C$ = 0, then by Lemma |2~3| 



-log(l/5) 



2aiVo 
A 



cS 
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either (i) there exists n < M such that f % l fl Cg = for every < i < n and f n I fl C5 7^ 0, 
or else (ii) there exists n < M such that f n (u) = S 1 , by the nature of the singularities. If 
(i) holds, then the same reasoning to the first case gives / ^ V n +i- If (ii) holds, then clearly 

/ £ Vn+l- 

(P2) Bounded distortion. By (PI), if n > M , then for each u G V n , D n (x) < \u\ < 10D n (x) 
holds for some x G u. From Lemma I2T21 (see Remark 12. ip . the distortion of f n \oo is bounded. 

(P3) Uniform expansion. Let n > Mo, u G V n and suppose that \f n u\ > \/~5. From \u\ < 8 
and the second estimate in Lemma 12.21 

2 M '- 2^5 " 5 



1 I fn. .1 1 1 

(7) \(f n )'x\ > -Vr > ^ > 7T VxG,. 



Definition 3.1. Given u n G P n and k G [0,n), let denote the unique element of Vk which 
contains u n . Let n > M Q . We say u n G V n reaches a large scale at time n if 



n = mm < 1 G 



[M„,n]: 1/^1 > v^}. 



Let P n denote the collection of all elements of V n which reach a large scale at time n. Let 
V = {J n V n . Define a stopping time function S : V — > N by S(u) = n for each lo G Pn. Let 
{S* > n} denote the union of all uj G V such that S{yS) > n. Let 



K = {w n 6? n :|f W! |<y5 M <V*<n} 



and let \P n \ = J^ivev ^ snow that P is a mod partition of /, it suffices to show 
\P n \ — > as n — > 00. Then, \{S > n}\ = \P n \ holds, (a) follows from (P3). (b) follows from 
the second estimate in Lemma 12.21 

3.2. Exponential tails. To prove (c), we have to show that \P n \ decays exponentially. 
Lemma 3.1. If n > M , lo G V n and P(to) fl Cs = for every < % < n, then \ f n oo\ > \/~5. 
Proof. (PI) gives \u\ > D n (x) for some x G co. gives 

Taking reciprocals and then using the bounded distortion of f n \uj, we obtain the inequality. □ 

To each u n G V' n we assign an itinerary 

i = (vi, n, ci), (i/ 2 , r 2 , c 2 ), • • • , r 9 , c q ) 

which has the following interpretation. Let x* denote the mid point of u n . Then < V\ < ■ ■ ■ < 
v q < n are all the deep returns of the orbit of x* before n; for each i G [1, g], f Ui x* is bound 
to ci G C and r« is the unique integer such that |q — f Vi x*\ G (L~ Ti , L~ n+1 ]. Let P n (S) denote 
the union of all elements of V' n with an itinerary i. Lemma [3.11 gives \{S > n}\ = |P n (i)|, 
where the sum ranges over all feasible itineraries. 

Lemma 3.2. |P n (i)| < L^^ R , where R = r\ + r 2 • • • + r q . 
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We finish the proof of (c) assuming the conclusion of this lemma. First, we count the 
number of all itineraries with the same R as follows. First, two consecutive returns to Cg 
are separated at least by aN , and thus the largest possible number of returns in the first n 
iterates is n/aN . Second, given q £ [l,n/aN ], there are at most (£) number of ways to 
choose the positions of q number of free returns in [0, n]. For each such way (m, ■ ■ • , n q ) there 
is at most ( R t q ) number of ways to assign ri, ■ • • ,r q with 7*1 + • • • + r q — R. Hence 

(8) \{s>n } \ = j: e |p„ ( i)i = yj yj ! f!'rf<EL-? 

R P„(i) R q=l V J V J R 

n+-+r q =R 

The last inequality follows from Stirling's formula for factorials. 

To get a lower bound on R, take one element u> £ V' n with an itinerary i and let < 
rii < ■ ■ ■ < n t < n denote all the free (both shallow and deep) returns of the mid point 
of uj before n. Let p k denote the bound period for n k and s k the unique integer such that 
d c {f nk x*) £ (L- Sk ,L- Sk+1 ] holds. 

Lemma 3.3. For every 1 < k < t, n k +i — n k < H* 1 . 

Proof. We assume rik+i > rik + ^ and derive a contradiction. By the upper estimate of the 
bound period in Lemma EH n k+x > n k + Pk + y holds. By Lemma LTBl 

|^n fc+1 -n fc -p fc yyn fc+Pfc ^| > > | ^ ^n fc ^ j | -1 _ 

For every 1 < j < k, 

> ic/c(r fe ^)r 1 ^^ K+pfc ~ nj_pj) , 

and therefore 

rij+pj n j+Pj 

E i(r fc+i ) , ^r 1 ^ 1 (^) = i(r fe+i " nj " Pj ) , r j+pj ^r 1 - E K/^^r^r 1 ^ 1 ^*) 

< L _ t( rtfe +P'=~ ?1 J^)|(i c (/ n '=x*)| 1 ~ i ^ < L~^ nfc+Pfe_nj '" Pi:) . 

For the second factor in the right-hand-side of the equality we have used ([3]). Summing this 
over all 1 < j < k and adding the contribution from all the free iterates outside of Cg which 
was estimated in 01]), 

n k+ i-l k rij+Pj 

E irw^^^EE + E 

*=o i =1 i=ri i ieu^nj+pj^+i) 

< 4 + f L-tK^-rft) < 1 + < 4- 

Taking reciprocal and then using the bounded distortion of / nfc +! |w nfc+1 , we have |/ nfc+1 Wn fc+1 1 > 
a/5. This yields a contradiction to the assumption S(u) > n. □ 
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Summing the inequality in Lemma 13.31 over all 1 < k < t gives 

3 
A 



3 * _1 

(9) n t < m + — s k- 



k=l 

From this point on we assume n > 2M . Then n\ < n/2 holds, for otherwise rii > n/2 > M 
and \f ni ui ni \ > \f5 would follow from Lemma 13. 1[ a contradiction to S(uj) > n. We have 

3t 1 o t 

n 3 \ -» n o 
n t+Pt < - +Pt + -^ Sk < -+ ^ Sk <-+ R. 

k=l k=l 



We have used pt < jSt for the second inequality which follows from Lemma I2.4[ and Lemma 
12.61 for the last. When n is bound, then n < n t + p t holds, and thus the above inequality 
yields R > . When n is free, repeating the argument in the proof of Lemma 13.31 we get 
n — n t < 3 y. Combining this with yields the same lower bound of R. Consequently we 

obtain \{S > n}\ < L^ar for every n > 2M . As |/| < 5, \{S > n}\ < 5L^i~ 'L _ 24 holds for 
every n > 0. The choice of M in (E]) gives L^ 1 < 5~T2, and the desired inequality holds. 

3.3. Proof of Lemma 13. 21 We first treat the case v\ > 0. For all x G P n {i) and each k G [1, q] 
we define an interval I k (x) in such a way that f Vk sends I k (x) to an interval injectively with 
bounded distortion. Let I k (x) denote the interval of length D Vk (x) centered at x. By Lemma 
12.21 the distortion of f Vk \I k (x) is uniformly bounded, while f Vk may not be injective on Ik{x). 
If \f Vk (I k (x))\ < 1/4, define I k (x) = Ik(x). Otherwise, define I k (x) to be the interval of length 
\I k (x) \/(10\f Uk (I k (x)) |) centered at x. By construction, f Uk is injective on Ik{x). 

Notation. For a compact interval / centered at x and r > 0, let r ■ I denote the interval of 
length r\I\ centered at x. 

For each k G [l,q], we choose a subset (possibly infinite) {x kti }i of P n iS) with the following 
properties: 

(i) the intervals {Ik{xk,i)}i are pairwise disjoint and P n (i) C \J { L~ r ' k l 3 • I k (x k ,i); 

(ii) for each k G [2, q] and x k) i there exists Xk-ij such that I k (x k) i) C 2L~ r ' k - 1 ^ ■ I k -x{xk-i,j)- 
Let M k = J2i \h(xk,i}\- It follows that |P n (i)| < L~ r «/ 3 M q and M k < L~ rk -^ 3 M k -i, and 

therefore |-P n (i)| — L~3^/Ui rfc ; and the desired estimate holds. 

For the definition of the subsets we need two combinatorial lemmas. The following elemen- 
tary fact from Lemma [2~51 is used in the proofs of these two lemmas: {f Vk \I k {x))~ 1 {c k ) consists 
of a single point and (/"* \I k (x)Y l (c k ) C L~ rfc / 3 • I k {x). 

Lemma 3.4. If x, y E P n {i) o,nd y ^ Ik{x), then I k (x) fl I k {y) = ■ 

Proof. Suppose I k (x)r\I k (y) ^ 0. Lemma [2T21 gives ~ \I k {y)\. This and y G Ik(x) imply 

(/"* \Ik(x))~ l (ck) 7^ (/"* |/fc(?/))~ 1 (c / ! C ). On the other hand, by the definition of the intervals 
Ik(-), f Vh is injective on Ik(x) U h{y)- A contradiction arises. □ 

Lemma 3.5. Ifx,y<E P„,(i) and y G L~ r ' k/3 ■ I k (x), then h+i{y) C 2L~ r ' k/3 ■ I k (x). 

Proof. We have (/"* | J/ C (x)) _1 (cjt) ^ I k+ i(y), for otherwise the distortion of f Uk+1 \I k+ i(y) is 
unbounded. This and the assumption together imply that one of the connected components 
of I k+ \(y) — {y} is contained in L~ r ^ 3 ■ I k (x). This implies the inclusion. □ 
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We are in position to choose subsets {xk t i}i satisfying (i) (ii). Lemma 13.41 with k = 1 
allows us to pick a subset {xi,,} such that the corresponding intervals {Ii(xi ti )} are pairwise 
disjoint, and altogether cover P n (i). Indeed, pick an arbitrary x\^. If Ii(x\^) covers P n (i), 
then the claim holds. Otherwise, pick x 1)2 G P n iS) ~ h( x i,i)- By Lemma I3"74"l /i(in),/i(xi 2 ) 
are disjoint. Repeat this. By Lemma |3~4"1 we end up with pairwise disjoint intervals. To check 
the inclusion in (i), let x G Ii(xu) — L~ ri ' 3 ■ Ii(xu). By Lemma T2.5[ \f Ul x — c\\ ^> L~ Vk holds. 
Hence x ^ P n (i). 

Given {xk-i,j}j, we choose {xk,i}i as follows. For each Xk-ij, similarly to the previous 
paragraph it is possible to choose parameters {x m } m in P n (i) fl L~ Vk - 1 / 3 ■ h-i(xk-i,j) such 
that the corresponding intervals {Ik{x m )} m are pairwise disjoint and altogether cover P n (i) H 
^-r fc _i/3 . / A ._ 1 (a; fc _i )J -). In addition, Lemma [375] gives \J m h(x m ) C 2L _rfc - l/3 • 4_i(x fc _ij). Let 

It is left to treat the case v\ = 0. In this particular case, by definition of i, P n (i) is contained 
in (— L~ ri+1 , L~ n+1 ). Hence, the desired estimate holds if q = 1. If q > 1, then in the same 
way as above, it is possible to show |P n (i)| < L~^ R ~ r ^2L~ ri+1 , which is < . This finishes 
the proof of Lemma 13.21 □ 



4. Induced Markov map on S 1 

In this section we construct an induced Markov map on S 1 and complete the proofs of the 
theorems. 

Proposition 4.1. There exist a partition Q of a full measure set of S 1 into a countable 
number of open intervals and a return time function R: Q — )■ {n G N: n > Mq} with the 
following properties. For each uj G Q, F := f sends u injectively, so that F{uj) = S 1 . There 
exists K > such that for all u G Q and all x, y G u, 



(10) 



|P'U)| l 



\F'(y)\ 



<K\F{x)-F{y)\. 



In addition, \{R = n}\ < SL ze holds for every n > Mq. Here, {R = n} denotes the union of 
uj G Q such that R(co) = n. 

Our inducing time consists of four explicit parts: the first part is used to recover from the 
small derivatives near the critical set (Proposition 12. 4p ; in the second, intervals reach a "large 
scale scale" (Proposition 13. ip and in the third they reach a neighborhood of the critical set. 
The last part is used to completely "wrap" the circle. 

In Section 14.11 we prove a key lemma used in the third and fourth parts of the inducing 
time. In Section 14.21 we construct the induced map F with the desired properties. In Section 
14.31 we prove Theorem A. In Section H~4l we prove Theorem B. 



4.1. Inducing to the entire S 1 . We show that intervals with scale \f5 soon grow to the 
entire S 1 . There are two scenarios for this growth. One is to take advantage of the nature 
of the singularities. The other is to follow the initial iterates of the critical orbits, which are 
kept out of C a , S a by the standing hypothesis (a) in Sect l2.4l 

We first show that intervals with scale y/6 soon reach critical or singular neighborhoods. 
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Lemma 4.1. For any interval ui of length > y/5/3, there exist a subinterval uj' and an integer 
M < M such that d c (/V) > 5, ds(f i u > ) > 5 for every < % < M and f M {uj') coincides 
with one component of C$ U Ss- 

Proof. We iterate uj, deleting all parts that fall into Cs U Ss- Suppose that this is continued 
up to step n, and that for every i < n, none of these deleted segments is < 28 in length. By 
the assumption, the number of deleted segments at step i < n is < 2. By Lemma 12.31 all 
deleted parts in uj are < 45 Yli=o L~ 2M in length. Hence, the undeleted segment in f n uj is 

> — 4<5^™ =0 L -A *j 5L 2Xn in length. It follows that before step Mq there must come a 
point when our claim is fulfilled. □ 

For convenience, let us introduce the following language. 

Definition 4.1. Let e > and M > an integer. A pair of open intervals (uj,uj) with u G uj 
is a good (e, M)-pair if: (i) \uj\ > e\uj\; (ii) uj\uj has two components and their lengths are 

> y/S/3; (iii) f M is injective u and f M (&) = S 1 ; (iv) d c (f l &) > e, d s (f l co) > e for every 

< i < M. 

Lemma 4.2. There exists < Eq < 1 such that for any interval u of length > there 
exist a subinterval u in its middle third and an integer k < 2Mq such that (u),u) is a good 
(eo, k)-pair. 

Proof. Take a subinterval u/ in the middle third of u and an integer M for which the conclusion 
of Lemma 14.11 holds. We deal with two cases separately. 

Case I: f M u)' C S$. By the nature of the singularity, there exists a subinterval u>" C / uj' 
such that d s (uj") > 5/10, f\uj" is injective and f(u") = S 1 . Let u = f' M (uj") and k = M + 1. 

Case II: f M uj' C C s . Let Ni = [10aAT ] . Let c denote the critical point in f M u'. By the 
definition of 5, f M co' contains Ini( c )- 

Sublemma 4.1. f Nl+1 (I Nl (c)) = S 1 , and d c (fI Nl (c)) > a/2, d s {pI Nl {c)) > a/2 for every 

1 < % < N t . 

We finish the proof of Lemma 14.21 assuming the conclusion of this sublemma. Take a 
subinterval J C Ijvi(c) on which f Nl+1 is injective and f Nl+1 (J) = S 1 holds. Let 6j = f~ M (J), 
and k = M+Nt + 1. Sublemma Ogives d c (fuj) > a/2, d s (fuj) > a/2 for every M < i < k. 
As f M (cj) C I Nl (c), d c (f M u) > y/D Nl+1 (c)/(K L) holds. © gives k < 2M . 

In either of the two cases, the M-iterates of uj' are kept out of CsUSs- Hence, the distortion 
of f AI \oo' is uniformly bounded and there exists a uniform constant < e' < 1 such that 
\u\ > e' \uj'\. Set 

e = min ( 5/10, a/2, inf y/D Nl+ i(c)/(K L), e' 

Then, (uj,uj) is a good (e , k)-p&ir. 

It is left to prove Sublemma 14. 11 Let f i+1 (c) = V{. The next standing hypothesis (a) in 
Sect J2.4I is used: dc(vi) > a, ds(vi) > a for every < i < N . 

Let I = min{|x — y\ : x G C, y G S} > 0. It is easy to see that, dc{vj) > a, ds(vi) > a give 

dc{vi)d s {vi) > a{l - a) > la/2, 
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where the last inequality holds for sufficiently large L. In view of ([2]) and \{f Nl )'{vo)\ > 
(La/K ) N ^\(f)'(v )\, ' 

1 d Nl (vo) = \p KfYivo)] d c (vN 1 )ds(vN 1 ) < >p 2 < 1 

VZD Nl {v ) ~ ^ \{f Nl )'{v )\ dcWdsivi) ~ (La/K )K-i<jl ~ y/Z' 

This yields D^^Vq) / Dj^ 1+ i(vo) = 1 + y/LD Nl (v )d'^ 1 i (v ) > 2. We also have 

|(/-)< W z> w ,M-> = ^E iRUJ^) * ^ (1 - 2 1/( WA-„)) £ ^ 

where the last inequality follows from o~ = Hence 

>^|(/ iVl ) / J Div 1 (^o)i>^»l. 

Hence, the first claim holds. The second follows from the standing hypothesis and |/ l (iiVi (c))\ < 
\(f )'vo\D Nl {v ) < ■jz\(f i )'vo\d i (v Q ) < 4-. This completes the proof of SublemmaEU □ 

4.2. Full return map. We now define a partition Q of S l and a return time function R: Q 
N. First of all, cut S* 1 into pairwise disjoint intervals of lengths from 5/10 to 5. For each 
interval, consider its partition V and the associated return time function S : V — > N, given by 
Proposition 13.11 By Lemma I4.2[ for each uj\ G V there exists a subinterval Cj\ and an integer 
M x such that (f s ^Ux, f s ^Qi) is a good (e , Mi) -pair. Let cui G Q and R(oJi) := S'(a;i)+M 1 . 
Each component of \ u>i is said to /icrae 1 large scale times. 

Subdivide each component of f s ( Ul \uji) \ f s< - Ul \ui), which is of length > y/~5/3 by the def- 
inition of good pairs, into intervals of lengths from 5/10 to 5. To each interval, consider again 
its partition V and the stopping time function S given by Proposition 13. II For each element u>2 
of the partition, there exist an integer M 2 and a subinterval 0J2 such that (f s ^u)2, f S( ' ul2 ^2) is 
a good (e , M 2 )-pair. Let /~ 5(tJl) (u;2) G Q and R(u 2 ) ■= S(u{) + S(u 2 ) + M 2 . Each component 
of f~ s( - u ' 1 * > U2 \ f~ s( - ull * > GJ2 is said to have 2 large scale times, and so on. 

4.2.1. Bounded distortion. We verify f lTO"]) . By construction, for each u G <2 there exists an 
associated sequence of large scale times 

= S < Sx < S 2 < ■ ■ ■ < S q ( u ) < R(u) 

with R(u) = S g{oj) +t(u) and t(u) < 2M . For each < % < q, \(f Si+1 ~ Si )'\ > 1/5* holds on 
f Si u. The second estimate in Lemma [2.21 gives 



The additional at most 2Mq iterates after the last large scale time S q does not significantly 
affect the distortion. Consequently, (flO]) holds. 
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4.2.2. Exponential tails. For each 1 < i < n, let Qn denote the collection of all u G Q 
which have exactly i large scale times before n and R(oo) = n. Let \Qn\ = cn (i) M- By 
construction, two consecutive large scale times are separated at least by M , and \{R — n}\ — 

El<i<n/M IQ^I holds - 

We estimate the measure of Qn . For 2 < i < n/M and an i string • ■ ■ , ki) of positive 
integers with k\ + • ■ ■ + ki < n, let 

Qn(*i, • • • , = {u e Q« : S d - Sj-x = k 3 1 < Vj < i) . 

Let \Qnifa, ■■■ , ki)\ = Y,u>£Q n (ki,-,ki) \ u \' For each u e 2n(&i, • ■ ■ > ki-i), let 

Qn{u, k{) = {u G Q n {h, ■ ■ ■ , h) : J C w}. 

By definition, 

|Qn(fci,--- = Y) M E rr- 

To estimate the fraction, let ui G Q n (&i, • • • , ki-i). Proposition 13.11 gives 

\f kl+ - +kl ~ 1 (uj')\ < 8^L-^\f kl+ - +ki - l (u)\. 

By construction, \f kl+ "' +ki ~ 1 {tjj)\ < 5 holds. By (TTTj) . the distortion of J fe i+-+ fe j-i i s uni- 
formly bounded and 

E|w'| OJ -ii r _^i 
\oj\ ~ 

Hence we obtain \Q n (ki, • • • , < L~24 |Q n (A; 1 , • • ■ , Using this inductively and then 

11 Afci 

|Qn(&i)| < <5i2L _ ^r which follows from Proposition 13. 1[ 

\Qn(k h ■■■ ,ki)\ < 5^L-^ kl+ '" +ki \ 

For any given m G [n — 2Mq, n) and 1 < % < u/Mq, the number of all feasible (ki, ■ ■ ■ ,ki) 
with k± + ■ ■ ■ + ki = m equals the number of ways of dividing m objects into % groups, which is 
{ m f l ), and by Stiring's formula for factorials, this number is < e^ m , where (3 — > as L — > oo. 
Hence we obtain 

n-l 

\QS>\= E E 

m=n— 2Mo fciH \-ki=m 

n-l r i } 

< 6 £ L^l(h,-.- ,ki):J2k j ^m\<S^L-^ n - 2M °\ 

m=n-2M I j=l ) 

The same inequality remains to hold for i — 1. Summing these over all 1 < i < n/Mo, 
\{R = n}\= J2 \Q^\<^L-^L-^ <8L-&. 

l<i<n/M 
xm i 

The last inequality follows from L « < oe. This finishes the proof of (c). 
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4.3. Proof of Theorem A. We have constructed an induced Markov map with exponential 
tails and Lipschitz bounded distortion property. Then all the statements of Theorem A follow 
from the abstract scheme in [27]. See [[I] pp.644] for a concise explanation. 

In fact, to apply [27] > the right hand side ffTUj) has to be bounded by a uniform constant 
multiplied by (3 s( - x ' y \ where < (3 < 1 and s(x,y) is a separation time [27]. This is a direct 
consequence of (JTU1) and the uniform expansion of F on each wgQ. 



4.4. Proof of Theorem B. Let 0: S 1 — > M be a Holder continuous function which is 
coboundary. Let if> G L 2 (fi) satisfy <f> = if) o / — if>. We show that if) has a version which 
is (Holder) continuou^j] on the entire S 1 . 

For each n > 1, let H, n denote the collection of inverse branches of F n . Let T n denote the a- 
algebra generated by the intervals h^S 1 ) for h G 7i n . It is an increasing sequence of a-algebras. 
For almost every x G S 1 , there exists an well-defined sequence h = (hi, h 2 , ■ ■ ■ ) G Hi such 
that the element F n (x) of T n containing x is given by F n (x) — hi o ■ ■ -o h^S 1 ). Equivalently, 
h n is the unique element of %i such that F n ~ 1 (x) G h^S 1 ). 

The Martingale convergence theorem shows that, for almost every x G S l and for all e > 0, 

Lebjx' EF n (x):\iP(x')-iP(x)\>e} n . 
{U) Leb(F n (x)) * ° % G b ' 

Take a point xo such that this convergence holds. Let h = (hi, h 2 , ■ ■ ■ ) denote the correspond- 
ing sequence of % and write h n = hi o • • ■ o h n , so that F n (x ) = h^S 1 ). (fl2~j) and the bounded 
distortion of h n give, for all e > 0, 

Leb{x G 5* 1 : \if)(h n x) - if)(x ) \ > e} -)■ 0. 

Choose a subsequence (n&) such that for all e > 0, 

oo 

Leb{x G S* 1 : ^(A^x) — if>(x )\ > e} < oo. 

k=l 

By the Borel-Cantelli lemma, ip(h nk x) — >■ if)(xo) holds for almost every x. 

Let ^(x) = 5^1^ i <fi(hi x )- As ^(x) = ip(h nk x) + S nk (x), Sj.(x) converges for almost every x. 
For all x such that this convergence holds, let S(x) = limfc-s-oo Sk(x). The uniform contraction 
over all inverse branches and the Holder continuity of give \Sk(x) — Sk(y)\ < K\x — y\ v , 
where r] is the Holder exponent of 0. Passing to the limit we obtain \S(x) — S(y)\ < K\x — y\ v , 
that is, S is continuous. As ip(x) = if)(xo) + 5'(x), it follows that if) has a version which is 
continuous on the entire S 1 . 

Assume that if) is not a constant function. Fix z, z' such that if>(z) ^ ip(z'). Fix a singular 
point y G S. We evaluate the cohomologous equation along a sequence (x n ) with x n — > y. 
By continuity, (f>(x n ) + if>(x n ) — > (f>(y) + if)(y) holds. To obtain a contradiction, it suffices to 
choose two sequences x n — > y, x' n — > y so that if)(fx n ),if)(fx' n ) converge to different limits. 
By the nature of the singularities, for any sufficiently large n > there exists an interval I n 
in [y,y + 1/n] such that f(I n ) = S 1 . Pick two points x n G }^ 1 (z) fl I n , x' n G f^ 1 (z') D /„. 
Clearly, x n — )■ y,x' n — > y and if)(fx n ) — > ip(z),ip(fx' n ) — > ip(z') hold. This completes the proof 
of Theorem B. □ 

For later use in the next section, we prove 



1 The same conclusion follows from Livsic regularity results [U [7] . 



1-7 
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Corollary 4.1. log |/'| is p-integrable and A := / log \f\dp > 0. 

Proof. Let v denote the acim of F. By the classical theorem, the density of v is uniformly 
bounded from above and below. From the uniform expansion and the bounded distortion of 
F, there exist K > 0, K' > such that K < log ||-F'|u;|| < K'\ log |o;|| holds for every oj G Q. 
Choose < 7 < 1 such that | log \u\\ < |w| -7 holds for every u G Q. Then 

K< f\og\F'\dv<Kj2 [\ l °g\u\\(dv\uj)<Kj2 1^1^ = 

w£Q w£Q n>0w:,R(w)=n 

which is finite by (c) in Proposition 14.11 As 

d3) ^ji^Exft/:)^ 

J oj£Q 1=0 

we have 

0< \og\F'\du= / ^ log|f(fx)|^(x) = ^ ^ \og\ f{fx)\dp{x 

J •* i=0 w6S i=0 

R(w)-1 



Ull J log|/V((/*)V|a;) = J Rdv J \og\fW < oo. 



u£Q i=0 

The desired result follows. □ 

5. Entropy formula 

In this last section we prove an entropy formula, connecting the metric entropy to the 
Lyapunov exponent. Although this formula is known to hold for a broad class of maps with 
critical and singular points, circle maps with logarithmic singularities have not been treated. 

Theorem 5.1. h(f,fi) = j log \f\dfx, where h(f,fi) denotes the metric entropy. 



A proof of this theorem uses Mane's argument [15] that is outlined as follows. Define a family 
{P/3}/3e(o,5) of functions on S 1 by: p p (x) = d c (x) if d c (x) < (3, pp{x) = d s (x) if d s (x) < (3, 
and pp(x) — j3 in all other cases. Obviously < pp < (3 holds, and Lemma [27T1 and Lemma 
14.11 give J — log ppdp < oo. Let B(x,pp;n) := {?/ G S 1 : \ f % x — f l y\ < pp(px) < Vi < n}. 
From [15], for /x-a.e. x G S , 

sup limsup log p(B(x, p$\ n)) = h(f, p). 

f}>0 n— >oo 71 

Fix k > so that Z = {y G S 1 : ^g(y) > K } has positive Lebesgue measure. We show that, 
for any (3 and a.e. x G Z, the limsup converges to A = / log |/'|<i/i. 

5.1. A lemma. For x G S" 1 and n > 0, let J n (x) — [x — D n (x),x + D n (x)]. Let (3 ■ J n (x) 
denote the interval of length 2[3D n (x) centered at x. 

Lemma 5.1. For any x G S 1 and n > we have: 

(a) B(x,p;n) D (3 ■ J n {x); 

(b) if n is a deep return time of x, then B(x,p; n+ 1) C J n {x). 
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Proof. Lemma Ogives \ f(x) - f\y)\ < ^d c (f i (x))d s (f i (x)) < (3 for all y G ■ J n (x) and 

every < i < n. If pp(f l (x)) < f3, then \f l (x) — f l (y)\ < /3(f l (x)). This proves (a), (b) follows 
from Lemma [2.51 and the bounded distortion of f n \J n (x) from Lemma [2.21 □ 

5.2. Upper estimate. From the ergodic theorem, there exists a sequence (9k)k °f positive 
numbers such that 8k —> and the following holds for each Ok'- for any small e > and /i-a.e. 
x, there exists n(x) such that for all n > n(x), mm{d c (f n x), ds(f n x)} > e^^ k+ ^ n . Also, for 
any small e > and /x-a.e. x there exists n'(x) such that for all n > n'(x), e^ x ~ e ^ n < \(f n )'x\ < 
e (A+e)n j n v j ew G f fa e definition (j2J), for p-a.e. x and all large n depending on x, 

(14) \(Jn(x))\ > J- e ^+3e)n-2e k n_ 



Choose x to be a Lebesgue density point of Z. As |J n (a;)| — >■ 0, p,(J n (x)) > «|J n (a;)| holds 
for all large n. (a) in Lemma 15.11 and (|14p give 

1 1 - 

log fj,(B(x,p;n)) < \ogp(I n (x)) <X + 4e + 29 k . 

n n 

Hence limsup^^ — - log p(B(x, pp, n)) < A + 4e + 2# fc holds for /i-a.e. x G Z. As 9 k and e 
can be made arbitrarily small, the desired upper estimate holds. 

5.3. Lower estimate. Write J for J n (x). For y G S 1 , let A(y) = (j{0 < % < R(y) : f(y) G J}. 
Let N > be a large integer. Let B(y) = (j{0 <i<N: F\y) G J}. Let T(y) = Eio* A ( pi y) 
and U(y) = E^ 1 R(F*y). Clearly, T(y) < U(y) and T(y) < max < t<N {R(F l y)}B(y) hold. 
Let m = ff^£- Let K = {y G 5* 1 : U(y) < m}. By the F-invariance of z/, 

(15) N J Adv = J Tdv = J Tdv + ^ Tdv. 

We estimate the first integral of the right-hand-side. Let X = {y: \B(y)/N — v(J)\ < v(J)}- 
We have j XnY Sdv < j x mBdv, because T < mB holds on Y. The definition of X gives 
J x mBdv < KmNv(J), where K is a uniform constant bounding the density of v. Hence 



(16) / Tdv= / Tdv+ Tdv < KmNv(J) + mv(X c ). 

Jy Jxdy Jx c nY 

The second term of the light-hand-side can be made arbitrarily small by making N large. 
Indeed, by the ergodic theorem for (F, v), B/N — » v(J) a.e. as iV — > oo. The convergence in 
probability gives v(X c ) — > as iV — > oo. 

We now estimate the second integral of the right-hand-side of ( !T5|) . For a given iV-string 
(ax, - - - , a N ) of positive integers, let R ai ... aN = {y G S 1 : R(F l y) = a i: 1 < i < iV} . For each 
component Q of R ai ... aN , (c) in Proposition 14. II and the bounded distortion of F ai+ "' +aN - 1 \Q 



give \{y G Q: R(F ai ^ l ~ ajv-1 (?/)) = a v}| < 25L 26 Summing this over all components 
gives \R ai -a N \ < L-—\R ai ... aN _ 1 \, and therefore \R ai -a N \ < L-^ ai+ - +aN > . This yields 

/ Tdv< [ Udv= V ( ai + ... + a N )v(R ai ... aN ) <KY] V L" 



" 27 



aiH \-a N >m aiH ha JV =?' 
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As R > Mo, y < jjr holds. By Stirling's formula for factorials, the number of all feasible 
(ai, • • • , a N ) with ai + • • • + = r is < e cr , where c — >• as L — > oo. Hence 



Am 



(17) / Tdv < KL~^» < K\J\. 

Jy c 

The last inequality follows from f lT^|) and the definition of m. 

Plugging ffTSj) ffT7|) into the right- hand- side of ffTBT) . dividing the result by N and passing 
N — > oo we obtain 

Rdv = / Adz/ < Kmv{J n {x)) = — - n\J n (x)\. 

The equality is from ( jl~3i) . 

Choose (n^)fc denote an increasing infinite sequence of deep return times of x. By the 
Poincare recurrence, /x-a.e. point in Z has such a sequence. Let e > be an arbitrary small 
number. For any sufficiently large n k , | J nk (x)\ < e~( x ~^ nk holds. For such n k , ffTSl and (b) in 
Lemma 15.11 give 

log n(B(x,p;n k + 1)) > \—\og^{J nk {x)) > _ lo S nfc ^ ^—{X - e ). 



n k + l v ' r ' y/ " n fc + l "^"kv^- 2(n fe + l) n fc + 1 

Taking the limit — >■ oo gives limsup n _ s>00 — i log fi(B(x, p; n)) > A — e. As e is arbitrary, the 
desired lower estimate holds. This completes the proof of Theorem 5.1. 
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